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Introduction
Let FG denote the group algebra of the group G over of the field F. Any involution * : G → G can be extended F-linearly to an algebra involution of FG. Such a map is called a group involution of FG. A natural example is the so-called classical involution, which is induced from the map g → g * = g −1 , for all g ∈ G.
Let σ : G → {±1} be a non-trivial homomorphism (called an orientation of G). If * : G → G is a group involution, an oriented group involution of FG is defined by
Notice that, as σ is non-trivial, char(F) must be different from 2. It is clear that, α → α ⊛ is an involution in FG if and only if gg * ∈ N = ker(σ) for all g ∈ G.
In the case when the involution on G is the classical involution, the map ⊛ is precisely the oriented involution introduced by S. P. Novikov, [17] , in the context of K-theory.
We denote FG + = {α ∈ FG : α ⊛ = α} the set of symmetric elements of FG under ⊛ and, writing U (FG) for the group of units of FG, we let U + (FG) denote the set of symmetric units, i.e., U + (FG) = {α ∈ U (FG) : α ⊛ = α}.
A conjecture of Brian Hartley states that if the unit group U (FG) of the group algebra FG of a torsion group G over a field F satisfies a group identity, then FG satisfies a polynomial identity. Let x 1 , x 2 , ... be the free group on a countable set of generators. If H is any subset of a group G, we say that H satisfies a group identity (H ∈ GI or H is GI for short) if there exists a non-trivial reduced word ω(x 1 , x 2 , ..., x n ) ∈ x 1 , x 2 , ... such that ω(h 1 , h 2 , ..., h n ) = 1 for all h i ∈ H.
Let R be an F-algebra. Recall that a subset S of R satisfies a polynomial identity (S ∈ PI or S is PI) if there exists a non-zero polynomial f (x 1 , x 2 , .., x n ) in the free associative algebra F{X} on the set countably infinite of non-commuting variables X = {x 1 , x 2 , ...} such that f (a 1 , ..., a n ) = 0 for all a i ∈ S. Group algebras FG satisfying a PI were classified by Passman and Isaacs-Passman, (see [18, Corollaries 3.8 and 3.10] ).
Giambruno, Jespers and Valenti [4] solved the conjecture for semiprime group rings, and Giambruno, Sehgal and Valenti [8] solved it in general for group algebras over infinite fields. By using the results of [8] , Passman [19] gave necessary and sufficient conditions for U (FG) to satisfy a group identity, when F infinite. Subsequently, Liu [15] confirmed the conjecture for finite fields and Liu and Passman in [16] extended the results of [19] to this case. The same question for groups with elements of infinite order was studied by Giambruno, Sehgal and Valenti in [10] . For further details about these results, see G. Lee [14, Chapter 1] .
Let * be an involution of a group G extended F-linearly to FG. Giambruno, Sehgal and Valenti [9] showed that if G is a torsion group, F is infinite with char(F) = 2, and U + (FG) satisfies a group identity then FG is PI. They also classified groups such that U + (FG) is GI, in the case of the classical involution.
Considering group involutions, Dooms and Ruiz [3] proved the following.
Let F be an infinite field with char(F) = 2 and let G be a non-abelian group such that FG is regular. Let * be an involution on G. Suppose one of the following conditions holds:
(ii) All finite non-abelian subgroups of G which are * -invariant have no simple components in their group algebra over F that are non-commutative division algebras other than quaternion algebras.
Then U + (FG) ∈ GI if and only if G is an SLC-group with canonical involution. Moreover, in this case FG + is a ring contained in ζ(FG).
Using the last result and under some assumptions, Dooms and Ruiz proved that if U + (FG) satisfies a group identity then FG is PI, giving an affirmative answer to the Hartley's Conjecture in this setting. They also characterized the groups for which the symmetric units U + (FG) satisfy a group identity, when the prime radical η(FG) of FG is nilpotent. Giambruno, Polcino Milies and Sehgal [7] completely characterized group algebras of torsion groups, with group involutions such that U + (FG) is GI.
In this paper, we extend the results obtained by Dooms and Ruiz [3] to the case of oriented group involutions.
A group G is an LC-group (a group with "limited commutativity" property) if it is non-abelian and for any pair of elements g, h ∈ G, we have that gh = hg if and only if at least one of g, h and gh is central in G. This family of groups was introduced by Goodaire. By Goodaire et al. [11, Proposition III.3.6 ], a group G is an LC-group with a unique non-trivial commutator s if and only if G/ζ(G) ∼ = C 2 × C 2 , where C 2 is the cyclic group of order 2. If G is endowed with involution * , then we say that G is a special LC-group, or SLC-group, if it is an LC-group, it has a unique non-trivial commutator s and on such a group, the map * is defined by
We refer to this as the canonical involution on an SLC-group. For instance, if * is the classical involution, then it is easy to see that the SLC-groups are precisely the Hamiltonian 2-groups.
Throughout this paper F will always denote an infinite field with char(F) = 2, G a group, * and σ an involution and a non-trivial orientation of G, respectively. ⊛ will denote an oriented group involution of FG given by expression (1).
Preliminaries and notations
Let R be a ring with involution ⋆. Let U (R) its group of units and U + (R) = U (R) ∩ R + the set of symmetric units. It is well-known that central idempotents are very important in the study of group identities. Moreover the following fact is proved:
For a given prime p, an element x ∈ G will be a called a p-element if its order is a power of p and it is called p ′ -element if its order is finite and, not divisible by p. Moreover, a torsion subgroup H of G is a p ′ -subgroup if every element h ∈ H is a p ′ -element. We agree that if p = 0 every torsion subgroup is a p ′ -subgroup.
An immediate consequence in the setting of group algebras of the Lemma 2.1 is the following: Let F be a field with char(F) ≥ 0 and G a group such that FG is semiprime. If U + (FG) is GI under classical involution, then every torsion p ′ -subgroup of G is normal in G. This fact give important information on cyclic subgroups, a property which is lost for a group involutions * , extended linearly to the group algebra FG. Semisimple algebras whose units satisfy a GI were widely studied, see for instance [5 The following three lemmas will be needed in the sequel:
Let R be a finite dimensional semisimple algebra with involution ⋆ over infinite field K, char(K) = 2. Suppose that U + (R) is GI. Then R is a direct sum of simple algebras of dimension at most four over their centers and the symmetric elements R + are central in R, i.e.,
Let R be a semisimple K-algebra with involution ⋆, where K is an infinite field with char(K) = 2. Suppose one of the following conditions holds:
(ii) R has no simple components that are non-commutative division algebras other than quaternion algebras.
Then U + (R) ∈ GI if and only if R + is central in R.
Conversely, if p > 0, I is nil of bounded exponent and U + (R/I) ∈ GI, then U + (R) ∈ GI.
Remark 1. By [6, Lemma 2.4], under the assumptions of Lemma 2.3, it follows that U + (R) ∈ GI is equivalent to R + is Lie n-Engel, for some n.
We conclude this section with a result due to Jespers an Ruiz Marín [13] , where the SLC groups arise naturally.
Lemma 2.5. ([13, Theorem 2.4]) Let F be a field with char(F) = 2 and let G be a group with an involution * extended F-linearly to FG. Then FG + is commutative if and only if G is abelian or an SLC group. In this case, FG + = ζ(FG).
Results
We need the following results about group rings with an oriented group involution:
Let R be a commutative ring with unity of characteristic different from 2 and let G be a group with a non-trivial orientation σ and an involution * . Suppose that RG + is commutative under oriented group involution and let g ∈ (G\N )\G + , h ∈ G. Then one of the following holds:
(ii) char(R) = 4 and gh = g * h * = hg * = h * g. (ii) G and N have the LC-property, and there exists a unique non-trivial commutator s such that the involution * is given by
(iii) char(R) = 4, G has the LC-property, and there exists a unique non-trivial commutator s such that the involution * is the canonical involution.
We will denote by (α, β) = α −1 β −1 αβ the multiplicative commutator of α, β ∈ U (FG). Recursively, one defines (α 1 , α 2 , . . . , α n ) = ((α 1 , α 2 , . . . , α n−1 ), α n ) where α 1 , α 2 , . . . , α n ∈ U (FG).
Recall that a ring R with identity is said to be (von Neumann) regular if for any x ∈ R there exists an y ∈ R such that xyx = x. Villamayor [20] showed that the group algebra FG is regular if and only if G is locally finite and has no elements of order p in case F has characteristic p > 0. Note that in this case FG is semiprime, [18, Theorem 4.2.13] and the set of p-elements P is trivial (in case char(F) = 0, we agree that that P = 1).
We are now able to classify the groups with a regular group algebra over an infinite field F with char(F) = 2 for which the ⊛-symmetric units satisfy a GI. Theorem 3.1. Let F be an infinite field with char(F) = 2 and let G be a non-abelian group such that FG is regular. Let σ : G → {±1} be a non-trivial orientation and an involution * on G. Suppose one of the following conditions holds:
Then U + (FG) ∈ GI if and only if one of the following conditions holds:
2. G and N have the LC-property, and there exists a unique non-trivial commutator s such that the involution * is given by
Consequently, U + (FG) ∈ GI if and only if U + (FG) is an abelian group.
Proof. Assume that U + (FG) ∈ GI and let N = ker(σ). Then U + (FN ) ∈ GI. Hence, by Theorem 1.1, we have two possibilities for N ; either If s is not a unique non-trivial commutator of G, then there exist x, y ∈ G such that (x, y) = s. But x, y ∈ H i , for some i, for instance, H i = x, y, g, h, x * , y * , g * , h * . Therefore (x, y) = (g, h) = s, a contradiction.
It is easy to see that, N = ker(σ) = i N i = i ker(σ i ) and i (H i \ N i ) = (G \ N ) and hence we have (1).
Claim: For all i such that (H
In fact, we have showed above that for all i, FH + i is a commutative ring. Let h ∈ H i \ N i . If h is not central then, there exists g ∈ H i such that hg = gh and by Lemma 3.1, it follows that
and again, as above xh ∈ H + i . Therefore, xh = (xh) * = h * x * = sh * x, i.e., h * = sh. Now, let x ∈ ζ(N i )\ζ(H i ). Then, there exists y ∈ H i \N i such that xy = yx and y * = y. Since FN + i is commutative, for all i, we have that x * = x. Thus xy ∈ (H i \ N i ) \ ζ(H i ) and again, by Lemma 3.1, xy ∈ H + i . Therefore xy = (xy) * = y * x * = yx, a contradiction.
Condition (b) above implies that for all i, H
, then x ∈ ζ(H j ) for some j and hence, xg = gx where g ∈ G \ ζ(G) is arbitrary, i.e., x ∈ ζ(G) and ζ(G) = i ζ(H i ). Therefore * : G → G is as given in the statement, and (2) holds.
The converse is clear, because conditions (1) and (2) by Lemma 3.2 imply that FG + is commutative and hence, (u, v) = 1 is a GI for U + (FG).
The last assertion is now clear.
The next lemma which we need is proved in [6, Lemma 2.6].
Lemma 3.3. Let F be a field with char(F) = p > 2, G a finite group and J the Jacobson radical of FG. Suppose that FG/J is isomorphic to a direct sum of simple algebras of dimension at most four over their centers. Then the set P of p-elements of G is a subgroup.
To handle group algebras which are not necessarily regular, we need the following two lemmas which are the natural extensions of known results. As usual, for a normal subgroup H of G we denote by ∆(G, H) the kernel of the map FG
Lemma 3.4. Let G be a locally finite group and char(F) = p = 2. If U + (FG) ∈ GI, then the set P of p-elements of G is a subgroup.
Proof. Let g, h ∈ P and let H = g, h, g * , h * . Since G is locally finite, then H is finite. Moreover, H is * -invariant and H ⊂ N = ker(σ) (every element x ∈ H has odd order). Since FH is a finite dimensional algebra the Jacobson radical J is nilpotent. Let R = FH/J . Then R is semisimple and, by Lemma 2.4, U + (R) satisfies a group identity. Hence by Lemma 2.2, R is a direct sum of simple algebras of dimension at most four over their centers. Finally, the lemma above shows that P is a subgroup.
Lemma 3.5. Let F be a field with char(F) = p > 2 and G a group such that U + (FG) satisfies a GI ω(x 1 , ..., x n ) = 1, under an oriented group involution ⊛. If H is a normal * -invariant p-subgroup of G, and either H is finite or G is locally finite, then U + (F(G/H)) satisfies ω(x 1 , ..., x n ) = 1.
Proof. Since H is a p-subgroup, then H ⊂ N and hence H is ⊛-invariant. Now we obtain a result about group algebras which are not regular: Theorem 3.2. Let g → g * be an involution on a locally finite group G, σ : G → {±1} a non-trivial orientation with N = ker(σ) and F an infinite field with char(F) = p = 2. Suppose that U + (FG) ∈ GI and that one of the following conditions holds:
(ii) All finite non-abelian subgroups of G/P which are * -invariant have no simple components in their group algebra over F that are non-commutative division algebras other than quaternion algebras, then we have that
3. G and N have the LC-property and there exists a unique non-trivial commutator s such that the involution * in G is given by
Moreover, FG ∈ PI.
Proof. By Lemma 3.4, we have that P is a normal subgroup of G and by Lemma 3.5 U + (F(G/P )) is GI. Since F(G/P ) is regular, it follows that either G/P is abelian, or N and G satisfy one of the conditions of Theorem 3.1 and the involution * : G → G is as given in the statement. Moreover, F(G/P ) + is central in F(G/P ) and thus F(G/P ) is PI. Since F(G/P ) ∼ = FG/∆(G, P ) and ∆(G, P ) is a nil subring of FG ⊛-invariant, by [9, Remark 2] we have that ∆(G, P ) is PI. Hence, FG is also PI.
To obtain sufficient conditions for locally finite groups G such that U + (FG) ∈ GI, we need the following lemma: Lemma 3.6. Let F be a field with char(F) = p = 2. Let G be a locally finite group with an involution * and a non-trivial orientation σ. If P is a subgroup of bounded exponent, and either G/P is abelian, or G/P and N/P are as in Theorem 3.1, then U + (FG) ∈ GI.
Proof. Suppose P is a subgroup of bounded exponent and that N/P , G/P , * and σ are as in the statement. Then by Lemma 3.2, U + (FG) is abelian. Hence (U + (FG), U + (FG)) ⊂ 1 + ∆(G, P ). Now ∆(G, P ) is nil of bounded exponent and thus (U + (FG), U + (FG)) p n = 1 for some n ≥ 0. Hence U + (FG) ∈ GI.
For g ∈ G, let C G (g) = {h ∈ G : hg = gh} be the centralizer of g in G. Set Φ(G) = {g ∈ G : [G : C G (g)] < ∞} the finite conjugacy subgroup of G and Φ p (G) = P ∩ Φ(G) . Theorem 3.3. Let g → g * be an involution on a locally finite group G, σ : G → {±1} a non-trivial orientation and F an infinite field with char(F) = p = 2. Suppose that the prime radical η(FG) of FG is a nilpotent ideal and that one of the following conditions holds:
(ii) All finite non-abelian subgroups of G/P which are * -invariant have no simple components in their group algebra over F that are non-commutative division algebras other than quaternion algebras.
Then U + (FG) ∈ GI if and only if P is a finite normal subgroup and G/P is abelian or G/P and N/P are as in the Theorem 3.1.
Proof. Suppose that U + (FG) ∈ GI, then by Lemma 3.4 we have that P is a normal subgroup. Now, by Theorem 3.2, either G/P is abelian or G/P and N/P are as in Theorem 3.1 and hence, FG ∈ PI. Thus by [19, Theorem 5.2.14], [G : Φ(G)] < ∞ e |Φ ′ (G)| < ∞. Since η(FG) is nilpotent [19, Theorem 8.1.12] gives that Φ p (G) = P ∩ Φ(G) is a finite normal p-subgroup. As P Φ(G)/Φ(G) ∼ = P/P ∩ Φ(G) is finite, then P is finite. Now, the converse is clear by Lemma 3.6.
As a corollary following the arguments in Dooms and Ruiz [3, Corollary 3.7] , we obtain a characterization of the locally finite groups with semiprime group algebra such that the set of ⊛-symmetric units is GI.
Corollary 3.1. Let g → g * be an involution on a locally finite group G, σ : G → {±1} a non-trivial orientation and F an infinite field with char(F) = p = 2 such that FG is semiprime. Suppose one of the following conditions holds:
Then U + (FG) ∈ GI if and only if either G/P is abelian or G/P and N/P are as in Theorem 3.1.
Proof. Suppose U + (FG) ∈ GI, then following the lines of the proof of Theorem 3.3, FG is semiprime PI. Hence by [19, Theorem 4.2.13 ] Φ p (G) = 1 and by previous proof, we get that P = 1. Thus FG is regular, and the result follows from Theorem 3.1.
